Polynomial Representation of Eq and Its 
Combinatorial and PDE Implications!] 

Xiaoping Xu 

66" 

O ' Institute of Mathematics, Academy of Mathematics & System Sciences 

O ' 

(N . n 

' Chinese Academy of Sciences, Beijing 100190, P.R. China □ 

O" 

O 

Abstract 

H' 

In this paper, we use partial differential equations to find the decomposition of the polynomial 
algebra over the basic irreducible module of Eq into a sum of irreducible submodules. It turns 
out that the cubic polynomial invariant corresponding to the Dicksons' invariant trilinear form 
■ is the unique fundamental invariant. Moreover, we obtain a combinatorial identity saying that 

the dimensions of certain irreducible modules of Eq are correlated by the binomial coefficients 
of twenty-six. Furthermore, we find all the polynomial solutions for the invariant differential 
operator corresponding to the Dickson trilinear form in terms of the irreducible submodules. 
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1 Introduction 

The Eq Lie algebra and group are popular mathematical objects with broad applications. 
Dickson [13] (1901) first realized that there exists an E'g-invariant trilinear form on its 
27-dimensional basic irreducible module. The 78- dimensional simple Lie algebra of type 
Eq can be realized by all the derivations and multiplication operators with trace zero on 
the 27-dimensional exceptional simple Jordan algebra (e.g., cf. [1], [30]). Aschbacher [5] 
used the Dickson form to study the subgroup structure of the Eq group. Bion-Nadal [8] 
proved that the Eq Coxeter graph can be realized as a principal graph of subfactor of the 
hyperfinite lid factor. Brylinski and Kostant [9] obtained a generalized Capelli identity on 
the minimal representation of Eq. Binegar and Zierau [7] found a singular representation 
of Eq. Ginzburg [16] proved that the twisted partial L-function on the 27-dimensional 
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representation of GE 6 (C) is entire except the points and I. Iltyakov [21] showed that 
the field of invariant rational functions of E e on the direct sum of finite copies of the 
basic module and its dual is purely transcendental. Suzuki and Wakui [29] studied the 
Turaev-Viro-Ocneanu invariant of 3-manifilds derived from the -Ee-subfactor. Moreover, 
Cerchiai and Scotti [11] investigated the mapping geometry of the Eq group. Furthermore, 
the (A 2 ,G2) duality in E$ was obtained by Rubenthaler [28]. 

Okamoto and Marshak [27] constructed a grand unification preon model with E 6 
metacolor. The E e Lie algebra was used in [18] to explain the degeneracies encountered 
in the genetic code as the result of a sequence of symmetry breakings that have occurred 
during its evolution. Wang [31] identified Geoner's model with the twisted LG model 
and E 6 singlets. Morrison, Pieruschka and Wybourne [26] constructed the E 6 interacting 
boson model. Berglund, Candelas et al. [6] studied instanton contrbutions to the masses 
and couplings of E 6 singlets. Haba and Matsuoka [17] found large lepton flavor mixing 
in the E^-type unification models. Ghezelbash, Shafiekhani and Abolbasani [15] derived 
explicitly a set of Picard-Fuchs equations of N = 2 supersymmetric E 6 Yang-Mills theory. 
Anderson and Blaiek [2-4] found certain Clebsch-Gordan coefficients in connection with 
the E 6 unification model building. Fernandez-Nuaez, Garcia-Fuertes and Perelomov [14] 
used the quantum Calogero-Sutherland model corresponding to the root system of E Q to 
calculate Clebach-Gordan series for this algebra. Howl and King [20] proposed a minimal 
Eq supersymmetric standard model which allows Planck scale unification, provides a 
solution to the \i problem and predicts a new Z' . Das and Laperashvili [12] studied Preon 
model related to family replicated Eq unification. 

The motivation of this work is to understand the functional impact of the Eq Lie 
algebra (group). We use partial differential equations to decompose the polynomial al- 
gebra over the basic irreducible module of Eq into a sum of irreducible submodules. 
Consequently, the cubic polynomial invariant corresponding to the Dickson's invariant 
trilinear form is the unique fundamental invariant (any other invariant is a polynomial 
in it). Moreover, we obtain a combinatorial identity, which says that the dimensions of 
certain irreducible modules of E 6 are correlated by the binomial coefficients of twenty-six. 
Furthermore, we find all the polynomial solutions for the invariant differential operator 
corresponding to the Dickson trilinear form in terms of the irreducible submodules. Below 
we give a more detailed introduction to our results. 

It has been known for may years that the representation theory of Lie algebra is closely 
related to combinatorial identities. Macdonald [25] generalized the Weyl denominator 
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identities for finite root systems to those for infinite affme root systems, which are now 
known as the Macdonald's identities. We present here a consequence of the Macdonald's 
identities taken from Kostant's work [22]. Let Q be a finite-dimensional simple Lie algebra 
over the field C of complex numbers. Denote by A + the set of dominant weights of Q and 
by V(X) the finite-dimensional irreducible (/-module with highest weight A. It is known 
that the Casimir operator takes a constant c(A) on V(X). Macdonald's Theorem implies 
that there exists a map x '■ A + ~^ {— 1) 0, 1} such that the following identity holds: 

oo 

- q n )) dimG = E x(A)(dim \/(A))g c W. (1.1) 

n=l AeA+ 

Kostant [23] connected the above identity to the abelian subalgebras of Q. 

Denote by E TjS the square matrix with 1 as its (r, s)-entry and as the others. The 
orthogonal Lie algebra 

o(n,C)= £ C(E r , s -E s , r ). (1.2) 

l<r<s<?i 

It acts on the polynomial algebra A = C[xi, ...,x n ] by 

(E r ,s E s ^ r )\j[ = x r d Xs x s d Xr . (1-3) 

Denote by A k the subspace of homogeneous polynomials in A with degree k. When n > 3, 
it is well known that the subspace of harmonic polynomials 

n k = {feA k \(dl i + --- + dl)(f) = 0} (1.4) 

forms an irreducible o(n, C)-module and 

A k = Hk®(xj + xl + --- + x 2 n )A k -2- (1-5) 

Recall the special linear Lie algebra 

sl(n, C) = £ CE r>8 + C ( E r,r - E r+W ). (1.6) 

r^s r=l 

Let A be the polynomial algebra in x±, ...,x n , yi, y n . Define a representation of s/(n, C) 
on A via 

E t , s \a = x r d Xs - y s d Vr . (1.7) 
Denote by N the additive semigroup of nonnegative integers. Define 

x a = x \ 1 x^ for a = (a u ...,a n ) G N n . (1.8) 
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Set 



and define 



A ei/2 = for 4,4 eN (1.9) 

Q,/3eN"; \a\=h, \j3\=i 2 



Hi u i 2 = {u e A tl ,e 2 \ u xlV1 + u X2V2 + ■■■ + u XnVn = 0}. (1.10) 
We proved in [32] that Hg lt e 2 forms an irreducible sl(n, C)-submodule and 

A £u e 2 = H £u e 2 © (zi2/i + x 2 y 2 H h x n y n )A £l - 1/2 -i, (1.11) 

where Xiyi+x 2 y2 + - • - + x n y n is an sl(n, C)-invariant. More importantly, an explicit basis 
for each TCi lt £ 2 was constructed in [32]. 

Now we assume that A is the polynomial algebra in x±, ...,xj. There exists an action 
of the simple Lie algebra Q° 2 of type G 2 on A, which keeps x\ + x 2 x 5 + x^xq + x^xi 
invariant (e.g., cf. [32]). Again we denote by Ak the subspace of polynomials of degree k 
in A and define 

7~(-k = { U ^ | UxiXl "I" U X2X5 "I" U X3X6 "I" U X4X7 = 0}. (1.12) 

We showed in [32] that Hk forms an irreducible C/ G2 -submodule and 

A k =H k ® (x\ + X 2 X 5 + X 3 Xq + X 4 X 7 )A k -2- (I- 13 ) 

Moreover, an explicit basis for each 7i k was constructed in [32]. Furthermore, Luo [24] 
generalized the result (1.5) to certain noncanonical polynomial representations of o(n, C) 
and found a basis for the irreducible submodules by using our methods in [32]. The 
methods also enabled Cao [10] to obtain an explicit irreducible decomposition with respect 
to the real orthogonal Lie algebra for the space of polynomial solutions of the Navier 
equations in elasticity. 

The Dynkin diagram of E 6 is as follows: 

? 2 

E & : o o o o o 

1 3 4 5 6 

Denote by Aj the ith fundamental weight of E 6 with respect to the above labeling. Let 
V be the 27-dimensional irreducible ^-module of highest weight Ai. Denote by A the 
polynomial algebra (equivalently, symmetric tensor) over V and by A m the subspace 
of homogeneous polynomial with degree m. A singular vector in A is a weight vector 
annihilated by positive root vectors. The following is the main theorem of this paper: 
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Main Theorem: Any singular vector is a monomial in a linear singular vector Xi 
of weight A 1; a quadratic singular vector d of weight A 6 and a cubic singular vector 
rj of weight 0. In particular, rj is the unique fundamental invariant and the following 
combinatorial identity holds: 

oo 

(1-g) 26 (d i mV(m 1 \ 1 + m 2 \ 6 ))q m ' +2m * = 1 + q + q 2 . (1.14) 

mi ,m,2=0 

Let V be the unique constant- coefficient fundamental invariant differential operator dual 
to r). Denote by L(mi,m 2 ) the E 6 -submodule generated by x™ 1 ^™ 2 . Then 

\m/2\ 

$ m = {/ e An | V(f) = 0} = L(m - 2i, i) (1.15) 

and 

A m = <$> m ®<nA m - Z . (1.16) 



Note that the identities (1.1) and (1.14) are dimensional properties of irreducible 
submodules. Our identity (1.14) says that the dimensions of the irreducible -E 6 -modules 
V(m\\\ +m 2 Ag) are correlated by the binomial coefficients of twenty-six. Moreover, 77 is 
the cubic polynomial invariant corresponding to the Dickson's invariant trilinear form (cf. 
[13]) and T> is the invariant differential operator corresponding to the Dickson form. The 
equation (1.16) is exactly a cubic generalization of the quadratic ones in (1.5), (1.11) and 
(1.13). The fundamental difference is that our subspace $ m of homogeneous polynomial 
solutions is a sum of |m/2| + 1 irreducible submodules. 

In Section 2, we explicitly construct the 27-dimensional basic representation of E e 
in terms of differential operators via the root lattice construction of the E 7 simple Lie 
algebra. The proof of the main theorem is given in Section 3. 

2 Basic Representation of Eq 

In this section, we will explicitly construct the 27-dimensional basic irreducible represen- 
tation of E e . 

For convenience, we will use the notion 

TJ+j = {i,i + l,i + 2,...,i+j} (2.1) 

for integer i and positive integer j throughout this paper. We start with the root lattice 
construction of the simple Lie algebra of type Ej. As we all known, the Dynkin diagram 
of E 7 is as follows: 
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? 2 

E 7 : o o o o o o 

1 3 4 5 6 7 

Let {ai | i G 1,7} be the simple positive roots corresponding to the vertices in the 
diagram, and let <3>£ 7 be the root system of E 7 . Set 

7 

Q Er = J2 Za n (2-2) 
i=i 

the root lattice of type E 7 . Denote by (•, •) the symmetric Z-bilinear form on Q E? such 
that 

$£ 7 = {ae Q E7 I {a, a) = 2}. (2.3) 
Define F{-, •) : Q Er x Q Ej -> {±1} by 

7 7 

i=l j=l 

Then for a, (3, 7 G <5e 7 , 

F(a + /3, 7) = 7 )F(/3, 7), /3 + 7) = F(a, /3)F(a, 7), (2.5) 

F(a, /3)F(/3, a)" 1 = (-1)^, F(a, a) = (-l)( Q > a )/ 2 . (2.6) 

In particular, 

F(a,P) = -F(P,a) if a, (3, a + (3 G $e 7 . (2.7) 

Denote 

7 

H Er = J2^ t . (2.8) 
i=i 

The simple Lie algebra of type E 7 is 

g E7 = H E7 ® C£ Q (2.9) 

with the Lie bracket [•, •] determined by: 

[H E7 ,H E7 }=0, [h,E a } = (h,a)E a , [E a ,E_ a ] = -a, (2.10) 

r P P 1 _ J if a + g" $e 7 , , , 

ifa + /3e$ B7 . 

for a, (3 E § E7 and /i G i?E 7 . 
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Note that 

6 

i=i 

is the root lattice of E 6 and 

*e = Qe C\*e 7 (2.13) 

is the root system of E 6 . Set 

6 

H Eo =Y t Ca i . (2.14) 

i=i 

Then the subalgebra 

G E « = H Ef> ® CE a (2.15) 

of Q Er is exactly the simple Lie algebra of Q E(i . Denote by the set of positive roots 
of E 6 and by the set of positive roots of E 7 . The elements of are: 

«i + 2a 2 + 2a 3 + 3a^ + 2a 5 + a 6 , (2-16) 

j j 
{«! + J2 a r I j e 276} (J{ J] a r | 2 < i < j < 6}, (2.17) 

r=3 r=i+l 
s=2 t=4 

and 

i j k 

1=1 s=3 t=4 

Denote by <§£ the set of the following positive roots: 

7 6 7 

aii + a r , «3 + 2a 4 + 0:5 + ttj + a r , (2.20) 

r=3 i=l r=l 

6 7 7 

{2 a s — a,\ + 0:4 — ae + a r | i e 1, 6}, { a r | 2 G 2, 6}, (2-21) 

s=l r=i+l r=i+l 

j 7 i j 7 

{J2 as + J2 at \j G2 ^' (X^ + X^ + X^ I 2<«<j <6}. (2.22) 

s=2 t=4 t=l s=3 t=4 

Then 

^ 7 = ^U%' ( 2 - 23 ) 



In particular, 



v= x ce p ( 2 - 24 ) 



forms the 27-dimensional basic Q E(i -modu\e of highest weight Ai with the representation 



adgB 7 . Denote 

X\ = - E Q3+2Q4+a 5 +ELl Q l +Er=i"'-' X2 = ^ELi^-ai+^-ae+ELa^' (2.25) 

X 3 = E 2 j2l =ias - ai+a4 - a6+ J2l =4ar , XA = E 2Y: 6 s=1 a 3 -ai-a 6 +Y:l =4 ar (2.26) 

x 5 = E 2Ti 6 =ias _ ai+a4+ar , x 6 = ^eLi^+EL 3 ^+EL 4 ^' ( 2 - 27 ^ 

a; 7 = -^a4+E;=3««+Et=l««' = E 2T.Ll^-a 1+ a 4 -a 6 +a 7 ^ ( 2 -28) 

2:9 = E Y.U a.+El=i «* ' 2:10 = ^04+ES=3 <*«+£Li « ' ( 2 - 29 ) 

2:11 = E EL 4 ^+EL^' Xl2 = f7 ES=3«.+Er=ia«' Xl3 = ^3+a 4+ ELi^' ( 2 - 3 °) 

X 14 = ^ar+ELa.. ^15 = ^ Q 4+a 5 +El = i«t' Xl6 = ^4+ELi «« ' ( 2 ' 31 ) 

&17 = £ Q4+aB+E J =2 ai , Xl8 = E Y T =i at , Xig = £ Q4 +EL2 «t ' ( 2 - 32 ) 

a; 2 o = ^ ai +E t 7 = 3°*' 2:21 = E EL 2 « t ' X22 = E «2+EL 4 «t' = %j =3Qt , (2.33) 

£24 = E J2 7 t=4 a t , X 25 = E J2 7 t=5 a t > X 2 6 = E a(i+a7 , X 27 = E a7 . (2.34) 

Then {xi \ i E 1, 27} forms a basis of V. 
Under the above basis 

-Eai|v — ~x\d X2 + Xn9 xi4 + xi 5 (9 Xl7 + xi 6 d Xl9 + xi$d X21 + X2od X23 , (2.35) 

E a 2 \v — —x/±d x& — x 5 d X7 — x$d xi0 + x 18 d X20 + x 2 id X23 + x 22 d X24 , (2.36) 

E a 3 \v — ~x 2 d X3 + x 9 d xil + Xi 2 d xi5 + xizd Xl6 + x 2 id X22 + x 2 3d X24 , (2.37) 

E a 4 \v — —Xsd X4 — x 7 d X9 — x 10 d Xl2 — Xi e d xis — x w d X21 + x 2 4,d X25 , (2.38) 

E a 5 \v — —Xid X5 — x e d X7 — Xi 2 d xi3 — x 15 d Xl6 — xi 7 d Xig + x 2 5d X26 , (2.39) 

E a 6 \v — ~x 5 d X8 — x 7 d Xl0 — x 9 d xi2 — Xnd xis — x u d Xl7 + X2ed X27 , (2.40) 

E a!+a 3 \v — x\d X3 — x 9 d xi4 — xi 2 d Xl7 — xi 3 d xig + xi 8 d X22 + x 2 od X24 , (2-41) 

\v — ~ x ^d X6 + x^d xg + x&d xi2 + xi§d X2Q + x\$d X23 + X22d X2B , (2.42) 

— x 2 d X4 + x 7 d Xll + x w d Xl5 — Xi 3 d xi8 + xi 9 d X22 + X23d X25 , (2.43) 

E a 4 +a 5 \v — Xsd X5 — Xq8 X9 + Xiq8 Xi3 — X\$d xw — Xyjd X21 + X24<9x 2 6 5 (2.44) 

E a 5 +a 6 \v — Xid X8 + Xq8 xw — Xgd xi3 — xud xi6 — x u d Xig + X2^d X27 , (2-45) 

—xid X4 — x 7 d Xl4 — x w d xi7 + xi 3 d X21 + x 16 d X22 + x 2 od X25 , (2.46) 
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E a2 +a 3 +a 4 \v — x 2d X6 — x 5 d Xll — x 8 d Xl5 + x 13 d X20 — X 19 d Xx ^ + X2\d X2h -, (2.47) 

E a 2 +a 4 +a 5 \V = x %dx 7 + X^d Xg — X 8 8 Xl3 + X\<r>d X20 + X\ 7 8 X23 + X22d X26 , (2.48) 

E a 3 +a 4 +a 5 \v = — ^2<9x 5 + Xq8 Xi1 — X W d Xl(i — Xi2<9rr 18 + Xi 7 d X22 + X23d X2fj , (2.49) 

Ea 4 +a 5 +atj\v = ~ x ^ xs + Xq8 x12 + X 7 8 X13 — X\\d xis — X\±d X21 + X2$ X27 -, (2.50) 

E Z* =1 ai\v = -xidx 6 + x 5 d Xl4 + x 8 d Xl7 - x 13 d X23 - x w d X24 + x 18 d X25 , (2.51) 

E ai+j: 5 i=3ai \v = x idx 5 - x 6 d Xl4 + x w d Xl9 + x 12 d X21 + x lb d X22 + x 2 od X26 , (2.52) 

E Y* =2lM \v = ~X2d X7 - x A d Xll + x 8 d Xl6 + x 12 d X20 - x 17 d X24 + x 21 d X26 , (2.53) 

E a 2 +Y^ =4 ai\v — ~ x 3d xi0 — x±d xi2 — x 5 d xi3 + xud X20 + x u d X23 + x 2 2d X27 , (2.54) 

E T 6 ocjv = x 2d xs — x e d xi5 — x 7 d xi6 — x 9 d xis + x u d X22 + x 23 d X27 , (2.55) 

E j2 5 i=iai \v = X A 7 + x A d Xli - x 8 d Xig - x 12 d X23 - x 15 d X24 + x 18 d X26 , (2.56) 

E ai +J2 6 i=3 ai\v = ~xid X8 + x 6 d Xl7 + x 7 d Xig + x 9 d X21 + x u d X22 + x 20 d X27 , (2.57) 

E a4+Y, 5 i=2 ai\v = x 2d X9 - x 3 d Xll - x 8 d Xl8 + x 10 d X20 - xi 7 d X25 + x 19 d X26 , (2.58) 

^T,t=2 a ^ v = X2 ® x w x 4<9a;i5 + ^5^16 + X %9 X20 — x u d X24 + x 2 id X27 , (2.59) 

E a4+ Y^ =1 a}v — — x id X9 + x ?,d Xl4 + x 8 (9 a;21 — x w d X23 — xi 5 d X25 + xig^g, (2.60) 

E Y? i=iai \v = - x id Xl0 - x 4 d Xl7 - x 5 d Xig - x 9 d X23 - x X \d X24 + xi 8 9 X27 , (2.61) 

E a4+ Y: 6 i=2 ai\v = ~ x 2d Xl2 + x 3 d XlB - x 5 d Xls + x 7 d X20 - x u d X25 + x l9 d X27 , (2.62) 

E a3+aA+ Yf> =ia .\v — x i9 xil — x 2d xi4 — x sd X22 + x wd X24 — xi 2 d X25 + xi 3 d X2fj , (2.63) 

E a4+ j2 b i=1 a z \v — x id xi2 — x 3d xi7 + x 5d X21 — x yd X23 — xud X25 + xi 6 d X27 , (2.64) 

E a 4 +a 5 +Y, 6 i=2 a i W = x 2d Xl3 - x 3 d Xl6 - x 4 d Xl8 + x 6 d X20 - x u d X26 + x 17 d X27 , (2.65) 

^ a3+Q4+E 6 =i ai \v = ~ x id Xl5 + x 2d Xl7 - x 5 d X22 + x 7 d X24 - x 9 d X25 + x 13 d X27 , (2.66) 

E a 4 +a 5 +j2i^ia l \v = ~ x i^x 13 + ^3^19 + x id X21 — x e d X2a — x u d X26 + Xi 5 d X27 , (2.67) 

^YZ=3°'r+12i=i a i\ v = Xl ^ x ^ ~ x 2d xi9 — x id X22 + x 6 d X24 — x 9 d X26 + xi 2 d X27 , (2.68) 

E a 4 +j:l =3 a r +Y,ti^ v = Xldx ^ ~ X<ldx ^ + X3dx ^ ~ Xedx ^ + Xrdx ™ ~ X ^9x 27 , (2.69) 

^ a2 +a 4 +E" = 3«r+Ei=i«il y = Xldx2 ° ~ X2dx ^ + X3dx ^ ~ Xidx ^ ~ Xbdx ^ ~ x s9x 27 - (2-70) 
Recall that we also view a, L as the elements of Q E? (cf. (2.8) and (2.9)). We write 

[aj,Xi] = OijXi for % e 1,27, j G T76. (2.71) 



Then the weight of Xi is Ylj=i a i,j^j> where Xj is the jth fundamental weight of Q E& . We 
calculate the following table: 
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In particular, 

27 

a j\v = ^ ai,jXjd Xi for j G 1,6. (2.72) 

Finally we have the representation formulas of the negative root vectors: 

E-ai\v — x 2 d Xl — xud Xll — xird Xw — x w d Xw — X2id Xl8 — x 23 d X20 , (2.73) 

E_ a2 \ v = x 6 d Xi + x 7 d X5 + x l0 d X8 - x 20 d Xl8 - x 23 d X21 - x 2A d X22 , (2.74) 

E- a3 \v = x 3 d X2 — xud Xg — xisd Xl2 — xiq8 X13 — x 22 d X21 — x 2A d X23 , (2-75) 

E_ aA \ v = x A d X3 + x 9 d XT + x 12 d Xl0 + x 18 d Xl6 + x 21 d Xig - x 25 d X24 , (2.76) 

E_ a5 \ v = x 5 d X4 + x 7 d X6 + x i3 d Xl2 + x w d Xl5 + x 19 d XlT - x 26 d X25 , (2.77) 

E- a6 \v = x 8 d X5 + x w d X7 + x 12 d xg + x 15 d Xll + x 17 d u - x 27 d X26 , (2.78) 

£_ Ql _ Q3 |y = -x 3 d Xl + x u d xg + x 17 d Xl2 + x 19 d Xl3 - x 22 d Xls - x M d X20 , (2.79) 

E-a 2 -a 4 \v = Xtjd X3 — x 9 d X5 — x\ 2 d Xs — x 2 od Xl6 — x 23 d Xig — x 2 ^d X22) (2.80) 

E- a . 3 - a4 \v = —x A d X2 — xnd X7 — xi<r>d Xw + x\%d Xl3 — x 22 d Xl9 — x 2 ^d X23 , (2-81) 

E-a 4 -a 5 \v = —x^d X3 + x 9 8 Xfi — x\ 3 d Xl0 + x\ 8 d XlVo + x 2 \d Xl7 — x 2 Qd X24 , (2.82) 

E- a5 - a6 \v = -x 8 d X4 - x w d X(j + x 13 d X9 + x w d Xll + x 19 d u - x 27 d X2S , (2.83) 

E- ai -a 3 -a 4 \v = Xid Xl + xud X7 + X\ 7 d xw — x 2 \d Xl3 — x 22 d Xl6 — x 2 <jd X20) (2.84) 

-^-02-03-04!^ = — x &d X2 + x\\d X5 + x\^d Xj} — x 29 d Xl3 + x 2 /id Xw — x 2 ^d X21 , (2.85) 
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E-a 2 -a 4 -a 5 1 v — x i8 X3 — xgd X4 + xi 3 d X8 — x 20 d Xl5 — x 23 d Xl7 — x 2e d X22 , (2.86) 

E~ aa -a 4 -a 5 I v — x §d X2 — Xud Xfj + Xi 6 d Xl0 + xi 8 d Xl2 — x 22 d Xl7 — x 26 d X23 , (2.87) 

— xsd X3 — xi 2 d X(i — xi 3 d X7 + xi%d Xll + x 2 \d\± — x 27 d X24 , (2.88) 

E_ E 4^ a .\ v = x 6 d Xl - x u d X5 - x 17 d X8 + x 23 d Xl3 + x 24 d Xl6 - x 25 d Xl8 , (2.89) 

^-ai-Ef=3«J y = ~ x ^x 1 + x ud X6 — Xi 9 d Xl0 — x 2 id Xl2 — x 22 d Xl5 — x 26 d X20 , (2.90) 

E -J2t=2 a ^ v = X7 ^ x z ^11^4 ~ x wdx s — x 20 d Xl2 + x 24 d Xl7 — x 26 d X21 , (2-91) 

E -a2-T, 6 i=4 ai\v = Xwd X3 + x 12 d X4 + x 13 d X5 - x 20 d Xll - x 23 d u - x 27 d X22 , (2.92) 

E - a-W = -a:89 X2 + xis^e + xie^ + xisfljg - x 22 <9x 14 - x 27 d X23 , (2.93) 

^- Ef=i «J v = ~X7d Xl - x u d X4 + x 19 d X8 + x 23 d Xl2 + x 24 d Xl5 - x 26 d Xl8 , (2.94) 

E -o'i-i: 6 i=3 a i \v = x sd Xl - x 17 d X6 - x 19 d X7 - x 21 d XQ - x 22 d Xll - x 27 d X20 , (2.95) 

E -ou-T, 5 i=2 a i \v = ~xgd X2 + x u d X3 + xi 8 d X8 - x 20 d Xl0 + x 25 d Xl7 - x 26 d Xl9 , (2.96) 

E - Ef =2 «i I F = ~ Xl o9 X2 - xisd X4 - x w d X5 - x 20 d X9 + x 24 d Xl4 - x 27 d X21 , (2.97) 

E -a*-i:! =1 c H \v = x 9d Xl - xud X3 - x 21 d X8 + x 23 d Xl0 + x 25 d Xl5 - x 26 d Xl6 , (2.98) 

E -Y:! =1 c H \v = x w d Xl + x 17 d X4 + x 19 d X5 + x 23 d xg + x 2A d Xll - x 27 d Xl8 , (2.99) 

E -a4-^, 6 i=2 ai\v = xi 2 d X2 - x 15 d X3 + x 18 d X5 - x 20 d X7 + x 25 d Xl4 - x 27 d XlQ , (2.100) 

E -a 3 - ai -Y;! =1 c H \v = -xud Xl + x ud X2 + x 22 d X8 - x 2A d Xl0 + x 25 d Xl2 - x 26 d Xl3 , (2.101) 

E -a 4 -j: 6 i=1 a i \v = - x ud Xl + x 17 d X3 - x 21 d x& + x 23 d X7 + x 25 d Xll - x 27 d Xl6 , (2.102) 

E -a 4 ~ a5 -j2 e >^ 2 a,\v = -x\ 3 d X2 + x w d X3 + x 18 d X4 - x 20 d X6 + x 26 d Xl4 - x 27 d Xl7 , (2.103) 

E_ a3 _ a4 _j26 =iai \ v = x 15 d Xl - x 17 d X2 + x 22 d X5 - x 2A d X7 + x 25 d X9 - x 27 d Xl3 , (2.104) 

#_ a4 _ Q6 _£6 =i a .\v = x 13 d Xl - x 19 d X3 - x 21 d X4 + x 23 d X6 + x 26 d Xll - x 27 d Xl5 , (2.105) 

E - E' =3 ar-E?=i oi I v = ~ Xl 6 d *i + ^ + ^22^ - x 24 d X6 + x 26 d X9 - x 27 d Xl2 , (2. 106) 

S -a4-Er=3 Q r-Ei = i Q il y = Xl8,9:E i _ x 2i<9 X2 + x 22 8 X3 - x 25 d Xe + x 26 d X7 - x 27 d Xl0 , (2.107) 

^-02-04-1^=3 Or-ELl«* I V = ~ +^24^ ~ + ^26^ ~ X 27 8 X8 . (2.108) 
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3 Proof of the Main Theorem 

Now A = C[xi, X27] becomes a C? £6 -module via the differential operators in (2.35)- 
(2.108) 

According to Table 1, we look for a singular vector of the form: 

(l = CiXiXu + C 2 X 2 Xn + C 3 X 3 X 9 + C 4 X 4 X 7 + C 5 X 5 X 6 . (3.1) 

By (2.35), 

= E ai (Ci) = (ci - c 2 )x 1 x u =>> ci = c 2 . (3.2) 
Moreover, (2.36) implies 

= £ Q2 (Ci) = ~( c 4 + c 5 )x 4 x 5 c 5 = -c 4 . (3.3) 

Furthermore, (2.37) gives 

= #03(6) = ( c 2 - c 3 )x 2 a;9 =>■ c 2 = c 3 . (3.4) 

In addition, (2.38) yields 

= £ Q4(Cl ) = -(c 3 + c 4 )x 3 x 7 c 4 = -c 3 . (3.5) 

The last equation in (3.3) implies E a5 ((i) = by (2.39). Besides, -E Q6 (Ci) = naturally 
holds by (3.1) and (2.40). Taking ci = 1, we have the singular vector 

Cl = XiX u + x 2 x n + x 3 x 9 - x 4 x 7 + x 5 x 6 (3.6) 

of weight A6- 

According to (2.73)-(2.78), we set 

C 2 = S_ Q6 (Ci) = X1X17 + x 2 a;i5 + x 3 x 12 - x 4 x w + x 6 x 8 , (3.7) 

C 3 = E_ a5 (( 2 ) = xix 19 + x 2 x w + x 3 xi 3 - x 5 xi + x 7 x 8 , (3.8) 

C4 = E_ a4 (( 3 ) = + x 2 x 18 + x 4 x X3 - x 5 x u + x 8 x 9 , (3.9) 

C5 = E_ a:i (( 4 ) = -xix 22 + x 3 x 18 - x 4 x ie + x 5 xi 5 - x 8 xu, (3.10) 

Ce = E^ a2 (( 4 ) = -x x x 23 - x 2 x 20 + x 6 xi 3 - x 7 x l2 + x 9 x w , (3-11) 

C7 = E_ a3 (( 6 ) = xix 24 - x 3 x 20 - x 6 x w + X7X15 - xiqXu, (3-12) 

Cs = E- ai ((5) = -x 2 x 22 - x 3 x 21 + x 4 x 19 - x 5 x l7 + x 8 x u , (3.13) 
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c 9 = 


E- a4 (Cr) = ~ 


-X1X25 — X4X20 — ^6^18 + X9X15 ~~ ^11^12, 


(3.14) 


ClO 


= E_ ai (( 7 ) = 


X 2 X 2 4 + X3X23 + X 6 Xig - X 7 Xi 7 + XiqXu, 


(3.15) 


Cn = 


— E-asfa) = 


-XiX 2 Q + X 5 X 2 Q + X 7 Xig - X 9 X W + X U Xi3, 


(3.16) 


Cl2 = 


: £ , -a 4 (Clo) = 


-X2X25 + X4X23 + x 6 x 2 \ - x 9 xi 7 + X 12 X U , 


(3.17) 


Cl3 = 


E- a3 (Cl2) = ■ 


-X3X25 - X4X24 - xqx 2 2 + xnxn - X14X15, 


(3.18) 


Cl4 = - 


--E'-a 6 (Cll) = 


—X1X27 — XgX20 — X 10 X 18 + X12X1Q — X 13X15, 


(3.19) 


Cl5 = 


--E , -a B (Cl2) = 


: -X 2 X 26 - X5X23 - X 7 X 2 l + X9X19 - X13X14. 


(3.20) 



Define a map 1 : 1, 27 -> 1, 27 by 

t(13) = 13, t(14) = 14, t(15) = 15, (3.21) 



t(i) = 28-i for i e 1,27 \ {13, 14, 15}. (3.22) 
Let r be an algebraic automorphism of A determined by 



r(x l )=x i{i) for i 6 1, 27. (3.23) 



Now we set 



It can be verified that 



Ci = "KC28-*) for 2 G 16, 27. (3.24) 
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V = Y,^Cr (3.25) 

r=l 

an irreducible £/ E6 -submodule and {( r \ r e 1, 27} forms a basis of V". 

From the Dynkin diagram of -E 6 , we have the following automorphism of Qe 6 '- 

6 

ki a i) — h®l + ^2«2 + ^5«3 + ^4«4 + k 3 (X 5 + ^1«6 (3.26) 



i=l 

^6 



for 5^ i=1 fcjttj £ Qe 6 - Let z/ be an associative algebra homomorphism of the associative 
algebra 

oo 

A = E ^r--< ( 3 - 27 ) 

ii,...,i27=0 

of differential operators to itself determined by 



v( Xi ) = d, v{d x .) = d Q for % e 1, 27. (3.28) 

It can be proved that 

E a \ v = u(E a(a) \ v ) for«G$+. (3.29) 
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Moreover, 

27 

a j\v = ^2b i jCidc i , (3.30) 
i=i 

where 

h,l — a ifii b i: 3 = a i,5, h,2 = a i,2, h,4 — a i,4- (3.31) 

Thus we have the following table: 



Table 2 



i 




k,2 


h,3 


h,4 


h,5 


hfi 


% 


h,i 


h,2 


h,3 


h,4 


h,5 


h,Q 


1 

















1 


2 














1 


-1 


3 











1 


-1 





4 





1 


1 


-1 








5 


1 


1 


-1 











6 





-1 


1 











7 


1 


-1 


-1 


1 








8 


-1 


1 














9 


1 








-1 


1 





10 


-1 


-1 





1 








11 


1 











-1 


1 


12 


-1 





1 


-1 


1 





13 








-1 





1 





14 


1 














-1 


15 


-1 





1 





-1 


1 


16 








-1 


1 


-1 


1 


17 


-1 





1 








-1 


18 





1 





-1 





1 


19 








-1 


1 





-1 


20 





-1 











1 


21 





1 





-1 


1 


-1 


22 





1 








-1 





23 





-1 








1 


-1 


24 





-1 





1 


-1 





25 








1 


-1 








26 


1 





-1 











27 


-1 
































According to Table 1 and Table 2, we look for an invariant of the form 

12 

V = ^2(diXi( 2 8-i + d 2 8-iX 2 8-i(i) + di 3 x 13 ( 13 + d 14 x u ( 14 + d 15 x 15 ( 15 , (3.32) 
i=i 

where d { G C. By (2.35), (2.40) and (3.29), we have 

= EaM 

= -d 2 x 1 ( 2 6 + d u x n ( u + d 17 x 15 ( n + d 19 x w ( g + d 21 x 18 (7 + d 23 x 20 ( 5 

—d 2 ox 2 o(r, — (iis^isC? — diQXiQ^g — disa; 15^11 — dii£n£i4 + d\Xi( 2 Q, (3.33) 

= E a6 ( V ) 

= —d 8 x 5 ( 20 — diQXjds — di 2 Xg(i 6 — d 15 Xn(i 5 — dnXi^u + d 27 x 26 (i 

-d 2e X 26 Cl + duXuCu + dnXnCl5 + ^9^9Cl6 + ^7Cl8 + d Fj X b (20- (3.34) 

So we take 

d 2 = d±, du = du, du = d±5, dig = d±Q, d 2 \ = d±s, d 23 = d 2 o, (3.35) 
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d 8 = d 7 , d w = d 7 , d 12 = d 9 , d 15 = d u , d 17 = d u , d 27 = d 2e . (3.36) 
Moreover, (2.37), (2.39) and (3.29) imply 

= ~d 3 X 2 ( 25 + ^ll^Crr + ^15^12^5 + ^16^13^2 + d 22 X 2 i( G + d 24 X 23 (4 

-d 23 x 23 (4 - d 21 x 21 ( 6 - d 13 x 13 ( 12 - d 12 x 12 ( 15 - d 9 x 9 ( 17 + d 2 x 2 ( 25 , (3.37) 

o = E a M 

= —^5X4(^23 — d 7 x$( 2 i — d\ 3 Xi 2 (i3 — c?i6^i5Ci2 — di 9 xi 7 ( 9 + d 2 QX 2 ^( 2 
-d 25 x 25 ( 2 + d 17 x 17 ( 9 + d 15 xi 5 (i 2 + d 12 x 12 ( 13 + d 6 x 6 ( 21 + 6^4(23 • 

Hence we get 

d 3 — d 2 , dn = dg, di5 = d± 2 , die = d\ 3 , d 22 = d 2 \, d 2 4 = d 23 , 

g?5 = c?4, d 7 = d$, d\ 3 = di 2 , die = d±5, dig = d\ 7 , d 2 % = d 2 §. 
Furthermore, (2.36), (2.38) and (3.29) yield 

= E a2 ( V ) 

= —deX4( 22 — d 22 x 22 C,4 — d 7 x^ 2 \ — d 2 \x 2 \($ — diox 8 (i 8 — ^is^isCs 
+d 20 xig(g + d 8 x 8 ( 18 + ^23^21(5 + d 5 x 5 ( 21 + ^243:22(4 + 4^4(22, 

= E a4 (rt) 

= — d4X 3 ( 2 4 — d 2 4X 2 4^ 3 — dgX 7 (\ 9 — di 9 Xi 9 ( 7 — di 2 X\o(iQ — ^16^16^0 

-d 18 x w ( w - rfio^ioCie - d 21 x 19 ( 7 - d 7 x 7 ( 19 + ^25^24(3 + ^3(24- (3.42) 
Thus we obtain 

c?6 = d4, d 2 4 = d 22 , d 7 = d 5 , d 23 = d 2 ±, d w = d 8 , d 29 = <i 18 , (3.43) 

d A = d 3 , d 25 = d 24 , d 9 = -d 7 , d 21 = -d 19 , d 12 = -d w , d 18 = -d 16 . (3.44) 
By (3.35), (3.36), (3.39), (3.40), (3.42) and (3.43), we have 

d\ = d 2 = d 3 = d 4 = d 5 = d G = d 7 = d 8 = —d 9 = d w = — du 

— ~d\ 2 = — di 3 = —d\4 = — g? 15 = — d\Q = —d\ 7 = di 8 

= —d\ 9 = d 2 Q = d 2 \ = d 22 = d 23 = d 2 4 = d 2 § = d 2 % = d 27 . (3.45) 
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(3.38) 

(3.39) 
(3.40) 



(3.41) 



Therefore, we have the following invariant 

8 15 

V = ^2(Xi(28-i + X 2 8-iCi) + ^10Cl8 - ^2 ( X ^28-r + ^28-rCr) ~ ^ X ^ s ' ^ M "> 
i=l r=9,ll,12 s=13 

According to (3.6)-(3.24), 

T) = 3[(xiXi4 + X 2 Xn + X 3 Xg)x 2 7 + (xiX 17 + X 2 Xi 5 + X 3 X 12 )x 26 + (xiX 19 + X 2 X le 

+x 3 xi 3 )x 25 + (x 4 x i3 - x 5 x i2 + x 8 x 9 )x 24 - (x 4 xi 6 - x 5 x l5 + x 8 x n )x 23 + (x 6 xi 3 
-x 7 x 12 + x 9 x w )x 22 + (x 7 x i5 + x 6 x w - x 10 x 11 )x 2 i + (x 4 x 19 - x 5 x 17 + x 8 x u )x 20 

+ {x 6 Xi 8 - X9X15 + XnXi 2 )xig + (x W X 14 - X 7 X 17 )x 18 + (xgX 16 - XuX 13 )x 17 

-xi 2 xi A x w + xi 4 xi 5 xi 3 ] + (xax 7 - x 5 x 6 )x 27 + (x 4 xi - x 6 x 8 )x 26 + (x 5 xi 
-x 7 x 8 )x 25 + (xix 21 + x 2 xi 8 )x 24 + {x 3 xi 8 - xix 22 )x 23 - (x 2 x 22 + x 3 x 2 i)x 20 . (3.47) 



Lemma 3.1. Any homogeneous singular vector in A is a monomial in xi, Ci and r). 
Proof. Note that 



XiXu 


— Cl - ^2^11 - X 3 Xg + X 4 X 7 - X 5 X 6 


(3.48) 


XlX 17 = 


= ( 2 - X 2 X 15 - X 3 X 12 + X4X10 - X 6 X 8 , 


(3.49) 


X±Xig = 


- Cs — X 2 X 16 ~ X 3 X 13 + X5X10 — X 7 X 8 , 


(3.50) 


XlX 21 = 


= C4 - X 2 X 18 - 2^13 + X5X12 - X 8 Xg, 


(3.51) 


XiX 22 = 


-( 5 - x 3 x 18 - x 4 x w + X5X15 - x 8 x u , 


(3.52) 


XlX 23 = 


-Ce - X 2 X 20 + X 6 Xi 3 - x 7 x 12 + XgX 10 , 


(3.53) 


X\X 2A = 


( 7 + x 3 x 20 + X 6 X W - X 7 X i5 + X 10 Xu, 


(3.54) 


XlX 25 = 


~(g — X 4 X 20 — X 6 Xi 8 + X 9 X 15 — Xi\Xi 2 , 


(3.55) 


XlX 26 = 


— Cll + ^5^20 + ^7^18 - ^16 + X U X 13 


(3.56) 



by (3.6)-(3.12), (3.14) and (3.16). Moreover, (3.47) can be written as 
(SxiXu + 3x 2 xn + 3x 3 x 9 + X4X7 - x 5 x 6 )x 2 7 

= ?7 - 3[(xiXi 7 + X 2 Xi 5 + X 3 X 12 )x 26 + (xiX 19 + X 2 X 16 + X 3 X1 3 )X25 + (X4X13 

-x 5 xi 2 + x 8 x 9 )x 2 4 - (x 4 xi 6 - x 5 x 15 + x 8 xn)x 2 3 + (x 6 xi 3 - x 7 x i2 + x 9 xi )x 22 
+ (x 7 xi 5 + x 6 x 16 - x 10 x n )x 21 + (x 4 x 19 - x 5 x 17 + x 8 xi 4 )x 20 + (x 6 x 18 

-X9X15 + XiiXi 2 )xi 9 + (X10X14 - X 7 Xi 7 )xi 8 + (x 9 Xi 6 - XuX 13 )x 17 
-Xi 2 X 14 Xi 6 + Xi 4 X 15 X 13 ] - (x 4 X 10 - X 6 X 8 )X 26 - (X5X10 - x 7 x 8 )x 25 

-(xix 2 i + x 2 xi 8 )x 24 - (x 3 x i8 - xix 22 )x 23 + (x 2 x 22 + x 3 x 2 i)x 20 . (3.57) 
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Let / be any homogenous singular vector in A. According to the above equations, / 
can be written as a rational function fi in 

{xi,Cr,V I i e {M3, 15, 16, 18, 20}; r e {T/7, 9, 11}}. (3.58) 

By (2.63)-(2.70), (3.28) and (3.29), 

= E a 3+ * i+ zUJh) = ^9 Xll (h), (3.59) 

Q = E <* + Zl =1 a i (fl)=*ld*M), ( 3 - 6 °) 

= J B ai+aB+E j =aai (/ 1 ) =x 2 9 !B1 ,(/ 1 )+Ci9cii(/i). (3- 61 ) 

= WeLJ/O = "^(/i). (3-62) 

= S Q4+aB+E 6 =iQ .| y = -xi^ 13 (/i), (3.63) 

= S EjLs«r+£?=i«J v = x i 9 *i6(/i)> (3- 64 ) 

= S a4+E?=3«r+E?=i«il^ = x ^s(fi), (3-65) 

= ^^^s^+ELJ/i) = ^x»(/i)- (3-66) 
So /i is independent of in, X12, £13, xi$, xiq, x±s, X20 and (n, that is, f\ is a rational func- 
tion in 



{xi,Cr,V I » e 1,10; re {1,7,9}}. (3.67) 
Next (2.56)-(2.62), (3.28) and (3.29) imply that 

= S ES =1 a 4 (/i)=^x r (/i), (3-68) 

= ^ 1+ Ef =3 a i (/i) = -^i^ 8 (/i), (3-69) 

= Ecv+VUatifl) = *2d X9 (fl) + C20ft(/l)> (3-70) 

= %L 2 ^(/i) = ^9, u (/i) + Ci%(/i), (3.71) 

Q = E a< + tf =1 a i (fl) = -Xldx.(fl), (3-72) 

= J E E j =iai (/i) = -x 1 9 xlo (/ 1 ). (3.73) 
Hence fi is independent of rr 7 , x$, xq, x±o, (7 and £9, that is, f\ is a rational function in 

{xi,Cr,?7 \i,r E 1,6}. (3.74) 

Now (2.41), (2.45)-(2.50), (2.52), (2.55), (3.28) and (3.29) give that 

= E ai+a3 (f 1 )=x 1 d Xa (f 1 ), (3.75) 
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= J B aB+a8 (/ 1 )=Ci9 6 (/i)» ( 3 - 76 ) 
= S Ql+a3+Q4 (/i) = -xi9 X4 (/i), (3.77) 

= E a2+a3+a4 (h) = x 2 d X6 (f 1 ), (3.78) 

= E a2+a4+a5 \ v = C2^Ce(/i)' (3.79) 

= £ Q3+Q4+Q5 (A) = -s 2 0« B (/i) - C 2 %(/i), (3.80) 

= £ a4+Q5+a6 (A) = -Ci%(/i), (3.81) 

O^^+EUa^/O^^ai)- (3-82) 

Thus /i is independent of {^,0 I i £ 3,6} , that is, f\ is a rational function in 
{xi,x 2 ,Ci,C2,7?}. Finally, (2.35), (2.40), (3.28) and (3.29) yield 

= E ai {h) = = E a6 {h) = -Ci9 f2 (/i)- (3-83) 

Therefore, /i is independent of x 2 and ( 2 , that is, / = f\ is a rational function in xi, Ci 
and 77. By (3.48) and (3.57), it must be a polynomial in x±, Ci and r\. Recall that the 
weights of x±, Ci and 77 are Ai, A6 and 0, respectively. The homogeneity of / implies that 
it must be a monomial in xi, Ci and rj. □ 

Let L(m 1 ,m 2 , m 3 ) be the ^^-submodule generated by x™ 1 ^ 2 ^" 13 . Then L(mi, m 2 , m 3 ) 
is a finite-dimensional irreducible submodule of highest weight m 1 Ai+m 2 A 6 . By the Weyl's 
theorem of completely reducibility and the above lemma, we have 

00 

A= L(m 1 ,m 2 ,m 3 ). (3.84) 

mi,rri2,m2=0 

Recall we denote by V(A) the finite-dimensional irreducible module of highest weight A. 
The above equation implies 

1 1 00 

— - — = — - ]T (dimylm^i+m^eDr* 2 . (3.85) 

^ ^' Q m 1 ,m 2 =0 

Equivalently, we have: 

Lemma 3.2. The following dimensional property of irreducible Q E& -modules holds: 

00 

(1-g) 26 (timV(m 1 \ 1 + m 2 \ 6 ))q m i +2m z = 1 + q + q 2 . (3.86) 

mi,TTl2=0 
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Set 

27 

W = J2Cd Xr (3.87) 
i=i 

Then isomorphic to the module of linear functions on V via d Xi (xj) = 5 iy j. Indeed, the 
linear map determined by d Xi i— > (cf. (3.21), (3.22)) is a (/^-module isomorphism. 
We define a linear map S : A — > C[9 Xl , d X27 ] by 

Qf^a^ • • -^f ) = • -.8%. (3.89) 

Set 

27 27 

P = 9(77), Di = ^^„ I? 2 = ^C^(0)- (3.89) 

i=i i=i 

Then D, X>i and X> 2 are invariant differential operators, that is, 

(POU = (^)U (A-OU = (^r-)U for £ e £ £6 . (3.90) 
Note that Lemma 3.1 implies 

y 2 = L(2,0,0) + L(0, 1,0). (3.91) 

Symmetrically, 

W 2 = L' (0,2,0) + L'(1,0,0), (3.92) 

where 1/(0,2,0) is a module generated by the highest weight vector d 27 with weight 2A 6 
and 1/(1,0,0) is a module generated by the highest weight vector ^$((27) with weight 
Ai. Thus the subspace of invariants (the trivial submodule) in V 2 W 2 is two-dimensional. 
The trivial submodule of L(0, 1, 0)L'(1, 0, 0) is CV 2 . In L{2, 0, 0)L'(0, 2, 0), there exists 
an invariant T>^ with a term x\d^. . So any invariant in V 2 W 2 must be in CX>2 + CV3. In 
particular, the invariant differential operator 

[V, r]] = Vr] - r]V = b + b{D x + b 2 V 2 + 6 3 P 3 (3.93) 

for some b s G C. According to (3.47), 77 does not contain x\. So 63 = 0. Moreover, (3.47) 
also implies b = 111. 

According to (3.57), the coefficient of x 2 7d X27 in [2? , 77] must be 11, which implies 
bi = 11. Observe that there exists a unique monomial in r\ containing Xix u , which is 
3xiX U x 27 . Thus the coefficient of Xix u d xi d xi4 in [D,rj] must be 9, that is, b 2 = 9. So we 
have: 

Lemma 3.3. As operators on A, 

[V,rj\ = 111 + HPi + 9P 2 - (3.94) 
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Let mi and m 2 be nonnegative integers. If ©(a;™ 1 ^ 2 ) 7^ 0, then it is also a singular 
of degree mi + 2m 2 — 3 with the same weight miAi + m 2 A6- But Lemma 3.1 implies that 
any singular vector with weight miAi + m 2 A6 must has degree > mi + 2m 2 . This leads a 
contradiction. Thus 

V(x? 1 (F a ) = for mi,m 2 GN. (3.95) 

Moreover, (3.90) implies 

V(L(m 1 ,m 2 ,0)) = {0} for mi, m 2 G N. (3.96) 

Since ^(x™ 1 £™ 2 ) is also a singular vector of degree mi + 2m 2 with the same weight 
miAi + m 2 A 6 , we have 

V 2 (xT 1 CD = cxT'C 2 (3-97) 

for some c G C. Let 

Xi = for 1, 14 ^ i G L27 (3.98) 

in (3.97) and we get 

< 1+m2 ^ 4 2 = hm XiXuid^d^ + d X2 d Xll + d X3 d Xg - d X4 d X7 + d Xi d Xa )[x^ 1 

x^O; 8,10^i€2,ll 

X (xxXu + X 2 X U + X 3 X 9 - X4X7 + x 5 x 6 ) m2 } 
= m 2 (m 1 +m 2 + 4X 1+m2 <4 2 (3-99) 
by (3.6)-(3.24), that is, c = m 2 (m 1 + m 2 + 4). We get: 

Lemma 3.4. For m 1 ,m 2 G N, 

V 2 (x^CT 2 ) = m i{m x + m 2 + 4)x™ 1 Cr 2 - (3-100) 



According to Lemma 3.1, 

V 4 = L(4, 0, 0) + L(2, 1, 0) + L(l, 0, 1). (3.101) 
Moreover, L(1,0, 1) = i]V. Thus the invariants in V 4 W are Cr]Vi. Hence 

[V 2 , rj\ = Cir] + c 2 r]Vi for some Ci, c 2 G C. (3.102) 
Letting the above equation act on 1, we have 

V 2 ( V ) = cm. (3.103) 
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By (3.6)-(3.24) and (3.47), 

"&C\X\X\<±X27 = lim i] = lim D 2 (r]) 

x^O; 14^iG2,16 Xi->0; 14^iG2,16 

= Sfaxud^xu + x 14 x 27 d Xl4 d X27 + x 1 x 27 d Xl x 2 7)(x 1 x li x 27 ) = Qx^^x^, (3.104) 
So c\ = 3. Letting (3.102) act on x-y, we have: 

V 2 (r 1 x l ) = (3 + 02)17x1. (3.105) 

As (3.104), 

3(3 + c 2 )x\x-i4X27 — lim _(3 + c^rri = lim V 2 (r]x 1 ) 

Xi^O; 14^iG2,16 Xj->0; 14^iG2,16 

= 3(a;ia;i4<9 Xl a;i4 + zu^^d^ + xix 27 d Xl x 2 7) (xlxux 27 ) = 15xlx 1A x 27 , (3.106) 
Hence c 2 = 2. We get: 

Lemma 3.5. ^4s operators on A, 

[D 2 , 77] =77(3 + 2^). (3.107) 



For to, mi,m 2 G N with to > 0, we have 
P(77 m < 1 CD = [to(111 + 11toi + to 2 (toi + to 2 + 26)) 

m, 

+ s(33 + 9(3s + mi + 2m 2 ))]r7 m - 1 a;™ 1 Cr 2 ^ (3.108) 
s=i 

by Lemmas 3.3-3.5. According to (3.84) and (3.108), we have: 
Lemma 3.6. For any 7^ / G A, 

V( V f) ^ 0. (3.109) 

The above lemma implies that 

00 

{feA\V(f)}= L(mi,m 2 ,0). (3.110) 

mi ,7712=0 

Recall that „4 m be the subspace of homogeneous polynomials of degree to in A. Denote 

§ m = {f e A m \ V(f) = 0}. (3.111) 
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In summary, we have the following version of the main theorem. 



Theorem 3.7. The set {x™ 1 £™ 2 'i] m3 | ni,m 2 ,m 3 e N} is the set of all singular vectors 
in A up to a scalar multiple. In particular, rj is the unique fundamental invariant (up to 
constant) and the identity 

oo 

(1-g) 26 {dimV{m 1 \ 1 + m 2 \))q mi+2m2 = 1 + q + q 2 (3.112) 

mi,m2=0 

holds. Furthermore, 

A k = © rjAk-s for keN (3. 1 13) 

and 

\m/2\ 

$ m = L(m-2i,i,0) formeN, (3.114) 
where we treat A r = {0} if r < 0. 
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